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Abstract
In this paper, we study the recursion of measurement outcomes for open quantum networks under
sequential measurements. Open quantum networks are networked quantum subsystems (e.g., qubits)
with the state evolutions described by a continuous Lindblad master equation. When measurements
are performed sequentially along such continuous dynamics, the quantum network states undergo ran-
dom jumps and the corresponding measurement outcomes can be described by a vector of probabilistic
Boolean variables. The induced recursion of the Boolean vectors forms a probabilistic Boolean network.
First of all, we show that the state transition of the induced Boolean networks can be explicitly repre-
sented through realification of the master equation. Next, when the open quantum dynamics is relaxing
in the sense that it possesses a unique equilibrium as a global attractor, structural properties including
absorbing states, reducibility, and periodicity for the induced Boolean network are direct consequences
of the relaxing property. Particularly, we show that generically, relaxing quantum dynamics leads to
irreducible and aperiodic chains for the measurement outcomes. Finally, we show that for quantum
consensus networks as a type of non-relaxing open quantum network dynamics, the communication
classes of the measurement-induced Boolean networks are encoded in the quantum Laplacian of the
underlying interaction graph.
1 Introduction
It is widely believed that our future information infrastructures will be built on quantum technologies,
where computing and communication take place over states of quantum systems (Nielsen & Chuang,
2010). Quantum systems are fundamentally different from classical states from the following aspects:
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quantum states are vectors in finite or infinite dimensional Hilbert spaces; isolated quantum systems exhibit
closed dynamics described by Schro¨dinger equations; performing measurements over a quantum system
yields random outcomes and the quantum system collapses to states corresponding to the measurement
outcomes. On one hand, these distinct properties of quantum systems empower quantum computing
and communication to a degree that classical systems cannot achieve. On the other hand, the creation,
measurement, preservation, and manipulation of quantum systems become very difficult, especially at a
large scale (Wiseman & Milburn, 2010).
Quantum systems may also be exposed to external environments with whom they form closed quantum
dynamics. When a Markovian approximation is applied under the assumption of a short environmental
correlation time permitting the neglect of memory effects (Breuer & Petruccione, 2002), a master equation
can be used to describe the quantum state evolution (Lindblad, 1976), forming open quantum systems. The
interaction between an open quantum system and its driven environment essentially define input-output
feedback channels (James et al., 2008) within the overall system. Open quantum systems arise from a large
context of quantum systems and quantum engineering (Ticozzi & Viola, 2008, 2009; Schirmer & Wang,
2010; Altafini, 2002; Altafini & Ticozzi, 2012; Wang et al., 2012). Particularly, if we connect a network
of quantum subsystems such as qubits by a series of local environments, an open quantum network
is obtained. Open quantum networks have proven to be a resource for universal quantum computing
(Verstraete et al., 2009), and a way of realizing quantum consensus and synchronization at the quantum
level (Mazzarella et al., 2015; Shi et al., 2016).
In practice, knowledge of any quantum system has to come from some form of quantum measurements,
where only random outcomes can be obtained. Repeated quantum measurements are the major approach
for identifying unknown quantum states, where independent measurements are carried out for identical
copies of the states for identification. For the manipulation of quantum states, sequential quantum mea-
surements can be performed as a way of realizing feedforward control with a static quantum plant (Pechen
et al., 2006), or measurement feedback control with closed quantum dynamics (Belavkin, 1999; Blok et al.,
2014). Due to the complexity of the open quantum dynamics, the role of sequential measurements have
not been quite understood in the literature even only for the recursion of the measurement outcomes.
In this paper, we study open quantum networks of qubits with sequential measurements. When mea-
surements are performed sequentially along the continuous dynamics, the quantum network states undergo
random jumps and the measurement outcomes are naturally described by a vector of random Boolean
variables, forming a probabilistic Boolean network (Shmulevich et al., 2002). The induced recursion of the
Boolean networks defines a Markov chain, which is governed both by the master equation of the continuous
quantum dynamics, and the basis of the network measurement. We establish a clear and explicit repre-
sentation for the state transition of the random measurement outcomes from realification of the master
equation. Moreover, for relaxing and non-relaxing quantum network dynamics, respectively, we establish
the following results.
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(i) When the open quantum dynamics is relaxing, i.e., it possesses a unique equilibrium that is globally
asymptotically stable, structural properties including absorbing states, reducibility, and periodicity
for the induced Boolean networks are established directly from the relationship between the master
equation and the measurement basis. Particularly, we show that as a generic property, relaxing
quantum dynamics leads to irreducible and aperiodic chains for the measurement outcomes.
(ii) We show that for quantum consensus networks as a special type of non-relaxing open quantum
network dynamics, the communication classes of the measurement-induced Boolean networks are
fully encoded in the quantum Laplacian of the underlying interaction graph.
The remainder of the paper is organized as follows. In Section 2, we present some preliminary theory
and notations for the sake of achieving self-contained presentation. In Section 3, we introduce the quan-
tum network model, the resulting hybrid quantum network dynamics, and the definition of the induced
probabilistic Boolean network from the measurement outcomes. In Section 4, we establish the represen-
tation of the state transition of the Boolean network. Then in Sections 5 and 6, we present the results for
relaxing and non-relaxing quantum dynamics, respectively. Finally some concluding remarks are presented
in Section 7.
2 Preliminaries
In this section, we introduce some concepts and theory from graph theory (Godsil & Royle, 2001), open
quantum systems (Nielsen & Chuang, 2010), and Markov chains (Durrett, 2005).
2.1 Graph Theory Essentials
A simple undirected graph G = (V,E) consists of a finite set V = {1, . . . , n} of nodes and an edge
set E, where an element e = {i, j} ∈ E denotes an edge between two distinct nodes i ∈ V and j ∈ V.
Two nodes i, j ∈ V are said to be adjacent if {i, j} is an edge in E. The number of adjacent nodes of v is
called its degree, denoted deg(v). The nodes that are adjacent with a node v as well as itself are called its
neighbors. A graph G is called to be regular if all the nodes have the same degree. A path between two
vertices v1 and vk in G is a sequence of distinct nodes v1v2 . . . vk such that for any m = 1, . . . , k− 1, there
is an edge between vm and vm+1. A pair of distinct nodes i and j is called to be reachable from each other
if there is a path between them. A node is always assumed to be reachable from itself. We call graph G
connected if every pair of distinct nodes in V are reachable from each other. A subgraph of G associated
with node set V∗ ⊆ V, denoted as G|V∗ , is the graph (V∗,E∗), where {i, j} ∈ E∗ if and only if {i, j} ∈ E
for i, j ∈ V∗. A connected component (or just component) of G is a connected subgraph induced by some
V∗ ⊆ V, which is connected to no additional nodes in V \V∗.
The (weighted) Laplacian of G, denoted L(G), is defined as (Mesbahi & Egerstedt, 2010)
L(G) = D(G)−A(G),
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where A(G) is the n × n matrix given by [A(G)]kj = [A(G)]jk = akj for some akj > 0 if {k, j} ∈ E and
[A(G)]kj = 0 otherwise, and D(G) = diag(d1, . . . , dN ) with dk =
∑N
j=1,j 6=k[A(G)]kj . It is well known that
L(G) is always positive semi-definite, and rank(L(G)) = n− C∗(G), where C∗(G) denotes the number of
connected components of G.
2.2 Open Quantum Systems
2.2.1 Quantum States
The state space of any isolated quantum system is a complex vector space with inner product, i.e., a
Hilbert space HN ' CN with N ≥ 2. The system state is described by a unit vector in HN denoted by
|ϕ〉, where |·〉 is known as the Dirac notion for vectors representing (pure) quantum states. The states of
a composite quantum system of two subsystems with state space HA and HB, respectively, are complex
linear combinations of |ϕA〉 ⊗ |ϕB〉, where |ϕA〉 ∈ HA, |ϕB〉 ∈ HB. For any |p〉, |q〉 ∈ HN , we use the
notation |p〉〈q| to denote the operator over HN defined by(|p〉〈q|)|η〉 = 〈|q〉, |η〉〉|p〉, ∀|η〉 ∈ HN ,
where
〈·, ·〉 represents the inner product that the Hilbert space HN is equipped with. In standard quantum
mechanical notation, the inner product
〈|p〉, |q〉〉 is denoted as 〈p|q〉.
Quantum states as ensembles of pure states can also be described by a positive Hermitian density
operator over the space HN (or density matrix) ρ satisfying Tr(ρ) = 1.
2.2.2 Quantum Measurements
Let L(HN ) be the space of linear operators over HN . For a quantum system associated with state space
HN , a projective measurement is described by an observable M, which is a Hermitian operator in L(HN ).
The observable M has a spectral decomposition in the form of
M =
N−1∑
m=0
λmPm,
where Pm is the projector onto the eigenspace of M with eigenvalue λm. The possible outcomes of the
measurement correspond to the eigenvalues λm, m = 0, . . . , N − 1 of the observable. Upon measuring the
state |ϕ〉 (or ρ), the probability of getting result λm is given by p(λm) = 〈ϕ|Pm|ϕ〉 (or Tr(ρPm)). Given
that outcome λm occurred, the state of the quantum system immediately after the measurement is
Pm|ϕ〉√
p(λm)
(or PmρPmp(λm) ).
2.2.3 Master Equations
The time evolution of the state |ϕ(s)〉 ∈ HN of a closed quantum system is described by a Schro¨dinger
equation. A quantum systems may also interact with external environments, who are quantum systems
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by themselves, and the composite system generated by the system and the environments form an isolated
(closed) quantum system. When a Markovian approximation can be applied under the assumption of a
short environmental correlation time permitting the neglect of memory effects (Breuer & Petruccione,
2002), the time evolution of an open quantum system can be described by a Lindblad master equation as
ρ˙(s) = −ı[H, ρ(s)] +LD(ρ(s)) ≡ L (ρ(s)), (1)
where ı =
√−1, H is the Hamiltonian as a Hermitian operator over HN , and LD(ρ) =
∑
dD[Vd]ρ is the
Lindblad operator from environments. The Vd are operators over HN , and
D[Vd]ρ(s) = Vdρ(s)V†d −
1
2
[V†dVdρ(s) + ρ(s)V
†
dVd] (2)
where (·)† represents the Hermitian conjugate. Let eL s be the quantum dynamical map governed by (1)
for s ≥ 0. Then {eL s}s≥0 forms a semigroup (Breuer & Petruccione, 2002).
Definition 1 The semigroup {eL s}s≥0 is relaxing if there exists a unique (steady) state ρ?, such that
eL s(ρ?) = ρ? for all s, and
lim
s→∞ e
L s(ρ(0)) = ρ?,
for all ρ(0).
Note that from the dynamical system perspective, the semigroup {eL s}s≥0 being relaxing means the
system (1) has a unique equilibrium that is globally asymptotically stable.
2.3 Markov Chains
Let S be the finite set {1, 2, . . . ,m}. Let P be an m×m non-negative matrix with ∑mj=1[P]ij = 1 for
i ∈ S . A stochastic process {x(t)}∞t=0 with state space S is called a homogeneous Markov chain with
transition matrix P, if there holds
P(x(t+ 1)|x(0), . . . ,x(t)) = P(x(t+ 1)|x(t))
for t = 0, 1, 2, . . . , and
P(x(t+ 1) = j|x(t) = i) = [P]ij ,
for all i, j ∈ S .
Let row vector pi0 be the initial distribution of the time homogeneous Markov chain {x(t)}∞t=0 with
[pi0]i = P(x(0) = i) and
∑
i∈S [pi0]i = 1. Let pit denote the distribution of the chain at time t, i.e.,
[pit]i = P(x(t) = i). Then there holds
[pit+1]j =
m∑
i=1
[pit]i[P]ij ,
or in a compact form, pit+1 = pitP.
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A time homogeneous Markov chain {x(t)}∞t=0 with the state space S is called irreducible if there exists
an integer l ≥ 1 such that [Pl]ij > 0 for any i, j ∈ S . The period d(i) of a state i ∈ S is defined as the
greatest common divisor of all l that satisfy [Pl]ii > 0 and {x(t)}∞t=0 is called aperiodic if all the states
have period one. If the chain is both irreducible and aperiodic, then there exist a row vector pi∗ satisfying
pi∗ = lim
t→∞pi0P
t
for all initial distribution pi0. In that case pi∗ is termed the stationary distribution of the Markov chain.
3 Problem Definition
3.1 Qubit Networks
Qubit is the simplest quantum system whose state space is a two-dimensional Hilbert space H (:= H2).
Consider a quantum network with n qubits, which are indexed by V = {1, . . . , n}. The state space of
the n-qubit network is denoted as H⊗n = H⊗ · · · ⊗ H︸ ︷︷ ︸
n
(i.e., H2n). The density operator of the n-qubit
network is denoted as ρ. Let there be an observable (or a projective measurement) for a single qubit as
M = λ0P0 + λ1P1,
where Pm = |vm〉〈vm| is the projector onto the eigenspace generated by the eigenvector |vm〉 ∈ H2 with
eigenvalue λm, m ∈ {0, 1}. Then M⊗n is an observable of the n-qubit network.
3.2 Open Quantum Networks with Sequential Measurements
Consider the continuous time horizon for s ∈ [0,∞). Let the open quantum network state ρ(s) be
measured along M⊗n from s = 0 periodically with a period τ . To be precise, ρ(s) satisfies the following
hybrid dynamics
ρ˙(s) = L (ρ(s)), s ∈ [tτ, (t+ 1)τ), (3a)
ρ(tτ) = ρp((tτ)
−), (3b)
for t = 0, 1, 2, . . . . Here ρ((tτ)−) represents the quantum network state right before tτ along (3a) starting
from ρ(tτ), and ρp((tτ)
−) is the post-measurement state of the network when a measurement is performed
at time s = tτ along M⊗n, respectively.
We further introduce
ξ(t) := ρ((tτ)−),
ξp(t) := ρp((tτ)
−),
for the pre- and post-measurement network states at the t-th measurement.
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3.3 Induced Boolean Networks
The measurement M⊗n measures the individual qubit states of the entire network, which yields 2n
possible outcomes [λm1 , . . . , λmn ],mj ∈ {0, 1}, j = 1, . . . , n. We use the Boolean variable xi(t) ∈ {0, 1} to
represent the measurement outcome at qubit i for step t, where xi(t) = 0 corresponds to λ0 and xi(t) = 1
corresponds to λ1. We can further define the n-dimensional random Boolean vector
x(t) = [x1(t), · · · , xn(t)] ∈ {0, 1}n
as the outcome of measuring ξ(t) under M⊗n at step t.
Clearly, {x(t)}∞t=0 forms a Markov chain as the distribution of x(t+ 1) is fully determined by ξp(t+ 1),
which depends only on x(t), e.g., Figure 1. The x(t), t = 0, 1, 2, . . . therefore falls to the category of
classical probabilistic Boolean networks (Shmulevich et al., 2002).
ξp(t) ξ(t+ 1) ξp(t+ 1)
x(t) x(t+ 1)
eL τ measurement
Figure 1: Induced Boolean network dynamics from the sequential quantum measurements.
3.4 Problems of Interest
In this paper, we are interested in the properties of the induced Boolean network dynamics. Particularly,
we aim to address the following questions:
(i) How can we represent the state transition of the x(t)?
(ii) When and how can we characterize the basic properties of x(t) as a Markov chain, e.g., absorbing
states, reducibility and periodicity, communication classes?
(iii) Can we establish a clear relationship between the quantum interaction structure encoded in the L ,
and structures in the state space of x(t)?
Answers to these questions will add to the understandings of the behaviors of open quantum systems in
the presence of sequential measurements.
4 State Transition Representation
In this section, we establish an explicit representation of the state transition of the chain {x(t)}∞t=0.
Such a representation is certainly non-unique, and we choose to carry out the analysis under the following
standard realification of the master equation (3a) (cf. e.g., Schirmer & Wang (2010)).
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Denote N = 2n. Let there be an orthonormal basis σ = {σk}N2k=1 for Hermitian operators on H⊗n by
σk = λpq, k = p+ (q − 1)N and 1 ≤ p < q ≤ N , where
λpq =
1√
2
(|p〉〈q|+ |q〉〈p|),
λqp =
1√
2
(−i|p〉〈q|+ i|q〉〈p|),
λpp =
1√
p+ p2
(
p∑
k=1
|k〉〈k| − p|p+ 1〉〈p+ 1|
)
.
Under the basis σ, ρ is represented as a real vector r = (r1, . . . , rN2)
> ∈ RN2
ρ =
N2∑
k=1
rkσk =
N2∑
k=1
Tr(ρσk)σk.
Then the Lindblad master equation (1) can be equivalently expressed as a real differential equation
r˙ =
(
L +
∑
d
D(d)
)
r := Wr, (4)
where L, D(d) ∈ RN2×N2 with entries
Lmn = Tr(ıH[σm, σn]), (5a)
D(d)mn = Tr(V
†
dσmVdσn)−
1
2
Tr(V†dVd{σm, σn}). (5b)
4.1 Transition Matrix
Let V := {1, . . . , N}. We introduce two mappings:
(i) b·c : {0, 1}n → V , where bi1 · · · inc =
∑n
k=1 ik2
n−k + 1;
(ii) d·e : V → {0, 1}n with die = [i1 . . . in] satisfying i =
∑n
k=1 ik2
n−k + 1.
Let Mdie := Pi1 ⊗ · · · ⊗ Pin denote the projector onto the eigenspace generated by |vi1 · · · vin〉 for
ik ∈ {0, 1}, k = 1, . . . , n. Upon measuring the network state ρ, the probability of observing die is given by
p(die) = Tr(Mdieρ).
Given that the outcome die occurred, the qubit network state immediately after the measurement is
ρp = |vi1 · · · vin〉〈vi1 · · · vin |.
Then Mdie is expressed under the basis σ as
Mdie =
N2∑
k=1
θikσk.
Denote θi = [θi1 , . . . , θiN2 ]
>, i ∈ V . Let Θ = [θ1, . . . , θN ] ∈ RN2×N .
The following theorem presents an explicit representation of the state transition characterization for
the induced Boolean series {x(t)}∞t=0.
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Theorem 1 Along the quantum system (3a)–(3b), the induced Boolean network dynamics {x(t)}∞t=0 form
a stationary Markov chain over the state space {0, 1}n, whose state transition matrix is described by
Pτ = Θ
>eWτΘ,
where [Pτ ]ij is the transition probability from die to dje, here i, j ∈ V .
Proof. Note that given x(t), ξp(t) is uniquely determined, which leads to ξ(t+1) = e
L τ (ξp(t)) along (3a).
Therefore, the distribution of x(t + 1), as the outcome of measuring ξp(t + 1) along M
⊗n, depends only
on x(t). This immediately implies that {x(t)}∞t=0 is Markovian.
Next, we show the state transition matrix of {x(t)}∞t=0 is Pτ = Θ>eWτΘ by computing its each entry
[Pτ ]ij . Let x(t) = die, i ∈ V . Then the post-measurement state at step t is
ξp(t) = |vi1 · · · vin〉〈vi1 · · · vin |
= |vi1〉〈vi1 | ⊗ · · · ⊗ |vin〉〈vin |
= Pi1 ⊗ · · · ⊗ Pin
= Mdie =
N2∑
k=1
θikσk.
We now proceed to compute ξ(t+1) via the real differential equation (4) of (3a). From (4), the coordinate
vector of ξ(t+ 1) is eWτθi, which leads to
ξ(t+ 1) =
N2∑
k=1
[eWτθi]kσk.
The probability of observing dje, j ∈ V upon measuring ξ(t+ 1) along M⊗n is
P(x(t+ 1) = dje|x(t) = die) = Tr(Mdjeξ(t+ 1))
= Tr
 N2∑
k=1
θjkσk
 N2∑
l=1
[eWτθi]lσl

=
N2∑
k=1
θjk [e
Wτθi]k
= θ>j e
Wτθi.
We can equivalently write it in a compact matrix form, which yields Pτ = Θ
>eWτΘ exactly.
This completes the proof.
5 Relaxing Quantum Dynamics
In this section, we focus on the case where the semigroup {eL s}s≥0 from (3a) is relaxing in the sense
of Definition 1, i.e., there exists a unique ρ? such that
lim
s→∞ e
L s(ρ(0)) = ρ? (6)
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for all ρ(0). There are many examples of practical quantum multi-level systems that are indeed relaxing
(Schirmer & Wang, 2010).
The following result shows that as the interval between two consecutive measurements grows, the state-
transition matrix Pτ tends to be close to a rank-one matrix when the semigroup {eL s}s≥0 is relaxing.
Proposition 1 Suppose the semigroup {eL s}s≥0 from (3a) is relaxing. Then for the induced Boolean
network dynamics {x(t)}∞t=0 of the quantum system (3a)–(3b), there exists θ? ∈ RN
2
such that
lim
τ→∞Pτ = Θ
>(1>N ⊗ θ?).
Proof. Let θ0 and θ? be the coordinates of ρ(0) and ρ? under the basis σ, respectively. Then the semigroup
{eL s}s≥0 being relaxing implies that
lim
s→∞ e
Wsθ0 = θ?.
As a result, invoking the representation of Pτ from Theorem 1, we obtain
lim
τ→∞Pτ = limτ→∞Θ
>eWτΘ
= lim
τ→∞Θ
>eWτ [θ1, . . . , θN ]
= Θ>[θ?, . . . , θ?]
= Θ>(1>N ⊗ θ?).
We have now completed the proof.
Next, we investigate the structural properties of the induced Boolean network dynamics {x(t)}∞t=0 when
the semigroup {eL s}s≥0 is relaxing. Recall that a state in a Markov chain is an absorbing state if it is not
possible to leave whenever this chain arrived at this state. We present the following result.
Theorem 2 Suppose the semigroup {eL s}s≥0 from (3a) is relaxing with a unique steady state ρ?. Then
for the induced Boolean network dynamics {x(t)}∞t=0 from the quantum system (3a)–(3b), the following
statements hold.
(i) If ρ? ∈ {Mdie}Ni=1 and τ is sufficiently large, then the chain {x(t)}∞t=0 has a unique absorbing state.
(ii) If Tr(Mdieρ?) > 0 for all i = 1, . . . , N and τ is sufficiently large, then {x(t)}∞t=0 is irreducible and
aperiodic.
Proof. With θ? being the coordinate of ρ? under σ, it is easy to verify that e
Wτ (θ?) = θ? for all τ .
(i) Suppose ρ? ∈ {Mdie, i ∈ V }. Then there exists i? ∈ V such that ρ? = Mdi?e. From Theorem 1, we
know that the transition probability from die to di?e is
P (x(t+ 1) = di?e|x(t) = die) = θ>? eWτθi.
As a result, we can conclude that
lim
τ→∞P (x(t+ 1) = di?e|x(t) = die) = limτ→∞ θ
>
? e
Wτθi = θ
>
? θ? > 0,
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which implies that
P (x(t+ 1) = di?e|x(t) = die) > 0
for all die with sufficiently large τ . Also, there holds for all τ > 0 that
P (x(t+ 1) = dje|x(t) = di?e) = θ>j eWτθ? = θ>j θ? = 0
for any j ∈ V \ {i?}. Consequently, i? is the unique absorbing state of the Markov chain {x(t)}∞t=0.
(ii) Suppose Tr(Mdieρ?) > 0 for all i ∈ V . Then
lim
τ→∞P
(
x(t+ 1) = die∣∣x(t) = dje) = θ>i θ? = Tr(Mdieρ?) > 0
for all i, j ∈ V . Similarly, this implies that for sufficiently large τ ,
P
(
x(t+ 1) = dje∣∣x(t) = die) > 0
for all i, j ∈ V . It is then straightforward to verify that {x(t)}∞t=0 is irreducible and aperiodic.
Remark 1 In Theorem 2, we require τ to be sufficiently large. This is due to the fact that the conclusions
are built on the observation that ρ(s) will be close to ρ? as time increases. Since for relaxing open quantum
systems, there holds at an exponential rate that (Schirmer & Wang (2010))
lim
s→∞ ρ(s) = ρ?,
it is possible to determine an upper bound for the required τ in Theorem 2.
For relaxing open quantum dynamics, the equilibrium ρ? is in general a mixed state (Schirmer & Wang,
2010). Consequently, unless the master equation has a very special structure, ρ? ∈ {Mdie}Ni=1 will not hold.
Moreover, note that with relaxing quantum dynamics, in Theorem 2, the condition that Tr(Mdieρ?) > 0
for all i ∈ V holds in the generic sense, i.e., for any semigroup {eL s}s≥0 from (3a) that is relaxing, there
holds Tr(Mdieρ?) > 0 for all i for almost all M⊗n. This suggests that {x(t)}∞t=0 in general will be irreducible
and aperiodic for τ sufficiently large. Then the following result establishes an asymptotic expression for
the expected post-measurement quantum state E(ξp(t)).
Theorem 3 Suppose the induced Boolean network dynamics {x(t)}∞t=0 from the quantum system (3a)–
(3b) admits a state-transition matrix Pτ that is irreducible and aperiodic. Let pi
∗
τ be the corresponding
stationary distribution. Then there holds for all ρ(0) that
lim
t→∞E(ξp(t)) =
N∑
i=1
[pi∗τ ]i (θi ⊗ I)

σ1
...
σN2
 .
11
Proof. Recall that the coordinate of ρ(0) under σ is denoted as θ0. Then the probability distribution of
x(0) is
pi0 = [P(x(0) = d1e), . . . ,P(x(0) = dNe)]
= [θ>1 θ0, . . . , θ
>
Nθ0],
which satisfies
∑N
k=1[pi0]k = 1. This implies that
lim
t→∞P(x(t) = [i1 . . . in]) = limt→∞
[
pi0P
t
τ
]
bi1...inc
=
[
pi0 lim
t→∞P
t
τ
]
bi1...inc
= [pi01Npiτ ]bi1...inc
= [pi∗τ ]bi1...inc ,
where 1N = [1, . . . , 1]
>. We can then further conclude from the distribution of ξp(t) that
lim
t→∞E(ξp(t)) = limt→∞
∑
i1...in
P(x(t) = [i1 . . . in])|vi1 · · · vin〉〈vi1 · · · vin |
=
∑
i1,...,in
[pi∗τ ]bi1...inc |vi1 · · · vin〉〈vi1 · · · vin |
=
∑
i
[pi∗τ ]i (θi ⊗ I)

σ1
...
σN2
 .
We have now completed the proof of the desired conclusion.
Note that E(ξp(t)) is the classical expectation of ξ(t), where the probability measure arises from the
random measurement outcomes. Therefore, the implication is that the quantum pre-measurement state
ξ(t) tends to be stationary in terms of its measurement statistics. However, ξ(t), t = 0, 1, 2, . . . will undergo
ergodic recursions among N different states in the set{
e−L τ (Mdie)
}N
i=1
,
instead of being convergent.
6 Non-Relaxing Quantum Dynamics: Quantum Consensus Networks
In this section, we turn our attention to non-relaxing quantum dynamics (3a). It is clear that various
types of master equations could lead to non-relaxing quantum dynamics. Instead of looking into the
general form of (3a), we discuss the quantum network dynamics (3a)–(3b) under the so-called consensus
master equation (Shi et al., 2016). On one hand, the consensus master equation (Shi et al., 2016) is
potentially an important class of open quantum networks, analogous to the classical Laplacian consensus
dynamics (Mesbahi & Egerstedt, 2010). On the other hand, how the simple yet rich structural effect in the
consensus master equation (Shi et al., 2016) affects the sequential measurement outcomes is an interesting
point for investigation.
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6.1 Consensus Master Equation
A permutation of the qubit set V = {1, . . . , n} is a bijective map from V onto itself. We denote by χ
such a permutation. Particularly, a permutation χ is called a swapping between j and k, denoted by χjk,
if χ(j) = k, χ(k) = j, and χ(l) = l, l ∈ V \ {j, k}. The set of all permutations of V forms a group, called
the n’th permutation group and denoted by Υn = {χ}. There are n! elements in Υn.
Definition 2 Let χ ∈ Υn. We define the unitary operator Uχ over H⊗n induced by χ, by
Uχ
(|q1〉 ⊗ · · · ⊗ |qn〉) = |qχ(1)〉 ⊗ · · · ⊗ |qχ(n)〉,
where for i = 1, . . . , n. Similarly, with slight abuse of notation, we define the action of χ over {0, 1}⊗n by
χ
(
[i1 . . . in]
)
= [iχ1 . . . iχn ]
where ik ∈ {0, 1} for all k = 1, . . . , n.
Let the operator Uχ
jk
be denoted as Ujk for the ease of presentation. Let the network interaction
structure be described by an undirected and, without loss of generality, connected graph G = (V,E). The
so-called quantum consensus master equation is described by (Shi et al., 2016)
ρ˙(s) = L (ρ(s)) =
∑
{j,k}∈E
αjk
(
UjkρU
†
jk − ρ
)
, (7)
where αjk > 0 represents the weight of link {j, k}.
Define an operator over the density operators of H⊗n, P∗, by
P∗(ρ) =
1
n!
∑
χ∈Υn
UχρU
†
χ. (8)
It is known that when the graph G is connected, along the equation (7) there holds
lim
s→∞ ρ(s) =P∗(ρ0) (9)
with ρ(0) = ρ0. Clearly the master equation (7) is not relaxing as the limiting point depends on the initial
quantum state.
6.2 State Transitions
We are now in a place to study the quantum network dynamics (3a)–(3b) when the continuous quantum
dynamics (3a) is described by (7).
Recall that Pm = |vm〉〈vm| is the projector onto the eigenspace generated by the eigenvector |vm〉 ∈ H2
with eigenvalue λm, m ∈ {0, 1}. Let
{|i]〉〈j]|}N2
i,j=1
be a basis of L(HN ), where by definition
i] := vi1vi2 . . . vin
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with die = [i1, . . . in]. According to the definition of Uχ, we can verify that
Uχ
(|i]〉) = ∣∣viχ(1)viχ(2) . . . viχ(n)〉. (10)
As a result, under the basis of
{|i]〉}N
i=1
, the matrix representation of Uχ, denoted Uχ, is a real permutation
matrix for any χ ∈ Υn. Similarly, we denote Ujk as the matrix representation of the operator Ujk under
the basis
{|i]〉}N
i=1
.
Definition 3 (Shi et al., 2016) The quantum Laplacian of G is defined as
Lq(G) := −
∑
{j,k}∈E
αjk
(
Ujk ⊗ Ujk − I
)
.
Let ei denote the N ×1 unit vector with the i-th entry being one and all other entries being zero. Then
we can establish the following result.
Proposition 2 Consider (3a)–(3b) with (3a) being described by the quantum consensus master equation
(7) under qubit interaction graph G. Define
EN := [e1 ⊗ e1, . . . , eN ⊗ eN ] .
Then there holds for the {x(t)}∞t=0 under the measurement M⊗n that
Pτ = E
>
Ne
−τLq(G)EN .
Proposition 2 shows that the exponential of the quantum Laplacian directly characterizes the state tran-
sition matrix of the induced probabilistic Boolean dynamics {x(t)}∞t=0. The proof of Proposition 2 follows
from a similar process as the proof of Theorem 1, where we only need to notice the following two points:
(i) Under the basis
{|i]〉〈j]|}N2
i,j=1
for L(HN ), the density operator ρ can be represented as
ρ =
N2∑
i,j=1
ρij |i]〉〈j]|.
As a result, the coordinate vector of ρ is precisely vec([ρij ]). Then the consensus master equation
(7) can be written as
d
ds
vec([ρij(s)]) = −Lq(G)vec([ρij(s)]). (11)
Here for any given matrix M ∈ Cm×n, the vectorization of M , denoted by vec(M), is the mn × 1
column vector ([M ]11, . . . , [M ]m1, . . . , [M ]1n, . . . , [M ]mn)
> (Horn & Johnson, 1985).
(ii) Under the basis
{|i]〉〈j]|}N2
i,j=1
, there holds
Mdie = Pi1 ⊗ · · · ⊗ Pin =
∣∣bi1 · · · inc]〉〈bi1 · · · inc]∣∣.
We also note a critical observation from Proposition 2 that the representation of Pτ is independent of
the choice of M in the network observable M⊗n, in sharp contrast with Theorem 1. The consensus master
equation has inherent symmetry, where the selection of the basis
{|i]〉〈j]|}N2
i,j=1
preserves the representation
Pτ under different measurement bases. Additionally, it is obvious that Pτ is a symmetric matrix.
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6.3 Communication Classes
For the Markov chain {x(t)}∞t=0, a state [p1 . . . pn] in its state space is said to be accessible from state
[q1 . . . qn] if there is a nonnegative integer t such that
P
(
xt = [p1 . . . pn]
∣∣ x0 = [q1 . . . qn]) > 0.
It is termed that [p1 . . . pn] communicates with state [q1 . . . qn] if [p1 . . . pn] and [q1 . . . qn] are accessible from
each other. This communication relationship forms an equivalence relation among the states in {0, 1}n. The
equivalence classes of this relation are called communication classes of the chain {x(t)}∞t=0. The following
theorem provides a full characterization to the communication classes of {x(t)}∞t=0 under the consensus
master equation.
Theorem 4 Consider (3a)–(3b) with (3a) being described by the quantum consensus master equation
(7) under qubit interaction graph G. Then the following statements hold for the {x(t)}∞t=0 under the
measurement M⊗n.
(i) There are n+ 1 different communication classes.
(ii) For any g = [g1, . . . , gn] ∈ {0, 1}n, the communication class containing g is given by
Cg =
{
χ(g) : χ ∈ Υn
}
. (12)
(iii) The number of states in Cg is (
n
|g|
)
=
n!
|g|!(n− |g|)!
with |g| = ∑ni=1 gi.
Proof. We first establish two technical lemmas as preliminaries of the proof. The proofs of the lemmas
can be found in the appendix.
Lemma 1 For any g = [g1, . . . , gn] ∈ {0, 1}n, the space
Hg = span
{
Uχ|g〉〈g|U†χ : χ ∈ Υn
}
(13)
is invariant under the quantum consensus master equation (7).
Lemma 2 Let L(G) be the classical Laplacian associated with an undirected and connected graph G =
(V,E). Then
e−τL(G) > 0 (14)
holds entrywise, i.e., e−τL(G) is a positive matrix, for all τ > 0.
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We are now in a place to prove the theorem. Suppose x(t) = g = [g1, . . . , gn]. Then the post-
measurement state at step t is
ξp(t) = |g〉〈g|.
For the continuous time interval s ∈ [tτ, (t+ 1)τ), Lemma 1 suggests that there holds
ρ(s) ∈ Hg (15)
for all s ∈ [tτ, (t+ 1)τ). As a result, we can establish the following two aspects.
(a) The accessible states from g are in the set Cg. In fact, if g′ /∈ Cg, then
Tr
(
|g′〉〈g′|Uχ|g〉〈g|U†χ
)
= 0 (16)
for all χ ∈ Υn as |g′〉 and Uχ|g〉 must be two orthogonal elements in the basis
{|i]〉}N
i=1
. Then from
(15),
Tr
(
|g′〉〈g′|ρ(((t+ 1)τ)−)
)
= 0.
Therefore, any accessible state from g belongs to Cg.
(b) Any state in Cg is indeed accessible from g. We can establish this point by focusing our analysis
on the quantum Laplacian Lq(G). This quantum Laplacian, is the Laplacian of a generalized graph
G = (V ,E) (Shi et al., 2016). Let V ∗ be defined by
V ∗ :=
{
bχ(g)c : χ ∈ Υn
}
.
The induced graph of V ∗ over G , G |V ∗ , is obviously a connected subgraph from the quantum
consensus master equation (7).
Then for the quantum Laplacian Lq(G) associated with the qubit interaction graph G = (V,E),
there holds
P(x(t+ 1) = χ(g)|x(t) = g)
= Tr
(
|χ(g)〉〈χ(g)|ρ(((t+ 1)τ)−)
)
= (bχ(g)cN ⊗ bχ(g)cN )>e−τLq(G)(bgcN ⊗ bgcN )
=
[
e−τL(G |V ∗ )
]
bχ(g)cbgc
> 0 (17)
where the first identity follows from the quantum measurement postulate, the second identity follows
from the facts that
Tr(A>B) =
N∑
i,j=1
AijBij = vec(A)
>vec(B)
for two matrices A and B, and that |χ(g)〉〈χ(g)| is symmetric as a projector, and the last inequality
holds from Lemma 2. This shows that the states in Cg are all accessible from g.
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Combining the two aspects, we can conclude that for the chain {x(t)}∞t=0, the communication class that
a state g is in, precisely Cg. This establishes the statement (ii).
A further look of Cg leads to the immediate observation that for any g ∈ {0, 1}⊗n, there holds
Cg =
{
[i1 . . . in] :
n∑
k=1
ik = |g|
}
. (18)
The statements (i) and (iii) thus follow from a basic analysis of combinatorics. We have now completed
the proof of the desired theorem.
Theorem 4 is closely related to the notion of generalized graph of the quantum interaction graph
introduced in Shi et al. (2016). The generalized graph is the graph that is consistent with the quantum
Laplacian, where for an n-qubit network, its generalized graph contains N2 = 4n nodes. Particularly,
the communication class Cg essentially coincides with the connected components of the N nodes in the
generalized graph corresponding to the diagonal entry of the network density operator.
6.4 Example
We now present a concrete example as an illustration of the established results for quantum consensus
networks with sequential measurements. We consider three qubits indexed by 1, 2, and 3. The qubit
interaction graph G = (V,E) is assumed to be a path graph as shown in Figure 2.
Figure 2: The interaction graph for the three-qubit network.
The quantum Laplacian Lq(G) for this graph is a 64 × 64 matrix. Let the measurement M be taken
under the standard computational basis, without loss of generality, i.e.,
M = λ0|0〉〈0|+ λ1|1〉〈1|, (19)
and the resulting network measurement is M⊗3. Let the continuous quantum state follow the evolution
described by the quantum consensus master equation (7) with two swapping operators U12 and U23 as
specified from the interaction graph G. Let the measurement M⊗3 be carried out periodically with inter-
measurement time τ = 1. The measurement outcome for the s’th measurement is recorded as x(t) ∈ {0, 1}3.
Then we can verify the following aspects.
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(i) The state transition matrix of the chain x(t) is given by
Pτ = E
>
8 e
−Lq(G)E8 =

1 0 0 0 0 0 0 0
0 0.525 0.317 0 0.158 0 0 0
0 0.317 0.366 0 0.317 0 0 0
0 0 0 0.525 0 0.317 0.158 0
0 0.158 0.317 0 0.525 0 0 0
0 0 0 0.317 0 0.366 0.317 0
0 0 0 0.158 0 0.317 0.525 0
0 0 0 0 0 0 0 1

.
(ii) Let g = [001]. Note that b001c = 2. From the second row of Pτ , clearly the three nonzero entries are
[Pτ ]22 > 0, [Pτ ]23 > 0 and [Pτ ]25 > 0. Consequently, the states that are accessible from g are [001] = d2e,
[010] = d3e, and [100] = d5e.
On the other hand, we can verify directly that
Cg =
{
χ(g) : χ ∈ Υ3
}
=
{
[001], [010], [100]
}
(20)
which is consistent with the communication class that we established directly from Pτ . This is a validation
of Theorem 4.(ii) above.
[000] [001] [010] [011]
[100] [101] [110] [111]
Figure 3: The state transition map from Pτ for the measurement outcomes x(t).
(iii) We can also establish from Pτ (see the resulting state transition map in Figure 3) that the com-
munication classes of x(t) are {
[000]
}
;{
[001], [010], [100]
}
;{
[011], [101], [110]
}
;{
[111]
}
.
The number of the communication classes and the size of each communication class are clearly consistent
with Theorem 4.(i) and Theorem 4.(iii).
7 Conclusions
Open quantum networks, as a proven resource for universal quantum computation, are networked quan-
tum subsystems such as qubits with the interconnections established by local environments. Their state
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evolutions can be described by structured master equations, and in the presence of sequential quantum
measurements, the network states undergo random jumps with the measurement outcomes form a proba-
bilistic Boolean network. We showed that the the state transition of the random measurement outcomes
can be explicitly represented from the master equation. It was also shown that structural properties in-
cluding absorbing states, reducibility, and periodicity for the induced Boolean dynamics can be made clear
directly when the quantum dynamics is relaxing. For quantum consensus networks as a type of non-relaxing
open quantum network dynamics, we showed that the communication classes of the measurement-induced
Boolean networks arise from the quantum Laplacian of the underlying interaction graph.
Appendix
A. Proof of Lemma 1
Let ρ(s) be evolving along the quantum consensus master equation (7) with ρ(0) ∈ Hg. We carry out
the analysis under the basis
{|i]〉}N
i=1
for HN , and therefore each density operator can be understood as
its matrix representation with slight abuse of notation.
Introduce
hg(s) =
1
2
∥∥ρ(s)∥∥2Hg (21)
where ‖a‖Hg stands for distance between a point a and the space Hg under the 2-norm. Let ρ(0) = g.
Noting the fact that Hg is linear subspace in L(HN ), we obtain
d
ds
hg(s)
∣∣∣
s=0
=
〈
vec(ρ(s))− vec(PHg(ρ(s))), vec(ρ˙(s))
〉∣∣∣
s=0
=
〈
vec(ρ(s))− vec(PHg(ρ(s))),
vec(
∑
{j,k}∈E
αjk
(
Ujkρ(s)U
†
jk − ρ(s)
)
)
〉∣∣∣
s=0
= 0 (22)
where PHg(·) is the projection onto the space Hg, and the last equality holds from the fact that
UjkgU
†
jk ∈ Hg (23)
according to the definition of Hg. Therefore, hg(s) ≡ 0 if hg(0) = 0. This proves that Hg is invariant and
the desired lemma holds.
B. Proof of Lemma 2
It suffices to prove that e−τL(G)hi is a positive vector for each i = 1, . . . , n, where hi is the n × 1 unit
vector with the i-th entry being one. This is equivalent to
y(τ) = (y1(τ), . . . , yn(τ))
> > 0
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when y(s) is evolving along the Laplacian consensus
y˙(s) = −L(G)y(s) (24)
starting from y(0) = hi. It is well known that y(s) ≥ 0 along (24) for all s ≥ 0 since the convex hull of
y1(0), . . . , yn(0), denoted co(y1(0), . . . , yn(0)), is invariant under the Laplacian consensus dynamics.
Next, we establish the following claim.
Claim. Let {i, j} ∈ E. Then yj(τ) > 0 for sufficiently small τ > 0.
This claim can be easily established through the fact that
d
ds
yj(s)
∣∣∣
s=0
=
n∑
k=1
[L(G)]kj(yk(s)− yj(s))
∣∣∣
s=0
= [L(G)]ij
> 0.
This shows that each of i’s neighbor will hold a positive state during [0, τ0) for some small τ0. Carrying
out the similar analysis recursively to node i’s neighbors’ neighbor, etc., with connectivity we conclude
that each node i will hold a positive state during [0, τ0) for some small τ0.
Finally, once y(τ0) > 0, there holds y(s) > 0 for all s ≥ τ0, because, again, co(y1(τ0), . . . , yn(τ0)) is
invariant under the Laplacian consensus dynamics. This proves the desired lemma.
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